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INTRODUCTION 
Since the order relationship is an important aspect 
of the study of mathematical sets, and since well-ordering 
is an important concept within this aspect of the study, 
the question naturally arises: when and how can a set be 
well-ordered? The answering of this question and the 
applications which well-ordering has in set theory consti-
tute the subject of this thesis. 
Throughout the paper, an understanding of the funda-
mental terms of set theory subset, union, intersection, 
containment -- is presupposed. Other ideas are defined 
and explained as the need arises. 
The work of Section II is a compilation from the 
several authors listed in the bibliography; the forms of 
the proofs, however, ·are original. The treatment of 
Zermelo's Theorem follows very closely that of Goffman, as 
does the treatment of Section VI, except where stated. 
I. Definition and Examples 
Since well-ordered sets appear within the class of 
linearly ordered sets, it is appropriate to start at this 
point. A set L is linearly ordered, by definition, if its 
elements satisfy the determinate, asymmetric, and transi-
tive relationships. Respectively, these require that: 
1) for all aE L and bEL, where a ~ b, one can deter-
mine that either aRb or b R a , 
2) for all aE L and bEL, if a R b is true, then 
b R a is false, and 
3) for all aE L, bEL, and CE L, if a R b and b R c 
are true, then a R c is true. 
By way of examples: the real numbers satisfy all three 
requirements if R is the relationship "less than", and there-
fore the real numbers are linearly ordered; however, the 
complex numbers under the relatiomthip "less than" are not 
determinate, and therefore are not linearly ordered. 
A set contains a first element x if, for all elements 
y of the set, x~y. A linearly ordered set W is, by defi-
nition, well-ordered, if each of its subsets has a first 
element. The positive integers, for example, are well-
ordered when taken in their natural order; for all x, the 
integral powers of x-- x, x2, x3, •••• and the exponentials 
ex, e2x, e3x, •••• provide further examples. The rationals, 
1. 
on the other hand, are not well-ordered; the sub-set 
the squares of whose elements are greater than 2 has no 
first element. The negative integers in ascending order 
•••• -6, -5, -4, .••. provide another example of a not-
well-ordered set. 
For purposes of comparing literature, it should be 
added here that well-ordered sets are named "normally 
ordered aggregates" by Hobson. In the German, they bear 
the name "wohlgeordnete Mengen". 
II. Characteristics of a Well-ordered Set 
Before moving to the theorem of Zermelo, which is our 
prime concern, it will be well to look at some of the 
characteristics of well-ordered sets. 
1. Consider a well-ordered set Wand a subset w•. 
The subsets of W' are, then, subsets of w. The well-
ordering of W indicates that each of these subsets of W1 
has a first element. Therefore: 
Theorem 1 -- Every subset of a well-ordered set is 
itself well-ordered. 
2. Consider a well-ordered set W and any element a0 
of W which is not the last. (Note that W need not have a 
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last element.) Then take the subset W' consisting of all 
those elements after a0 , Th~ well-ordering of W indicates 
that W1 has a first element, al• This element a1 is the 
immediate successor of a0 , and therefore: 
Theorem 2 -- Every element of a well-ordered set, 
except the last if it has one, has an immediate successor, 
3. Another very useful concept from set theory which 
can be applied to our well-ordered sets is that of simi-
larity. Two ordered sets W and w* are similar, by 
definition, if the correspondence between them is one-to-one 
and is such that for any a and bin W, where a<b, a'= f(a) 
and b 1 = f(b) in w* will be in the order a'<b'. 
Consider two sets S and W which are similar, where W 
is well-ordered. Any subset St is in correspondence with a 
subset W' which has a first element wa• To this Wa cor-
responds an sa in S' which, since similarity preserves order, 
is the first element of S', so Sis also well-ordered. We 
have then: 
Theorem 3 -- Any ordered set which is similar to a 
well-ordered set is itself well-ordered. 
4. Now consider a well-ordered set W and one of its 
subsets W1 which are similar to each other. Let a be the 
first element of Wand a 1 be the first element of W1 , which 
corresponds to a under the similarity. Since W1 is a subset 
3. 
of W, a' can not be less than a, and since the order is 
preserved it follows that any element w' in W' can not be 
less than its corresponding w in W, We conclude: 
Theorem 4 -- If the well-ordered set W is similar 
to one of its subsets W', and a' corresponds to a, then 
for all a in W either a= a' or a< a'. 
5. Another set of theorems on similarity relate to 
that subset of W called the "initial segment, Wa" or the 
"segment determined by a", i,e, the subset of all w< a. 
Consider set W and any one of its initial segments Wa. 
Assume W to be similar to Wa; then by Theorem 4, the 
correspondent a' of a will be at least equal to a, But 
all elements of Wa are such that a'< a, so the conclusion 
is false and the hypothesis must be denied, We have, then; 
Theorem 5 _. A well-ordered set W is not similar to 
any one of its initial segments Wa• 
6. Consider two distinct initial segments Wa and Wb 
of the set W, where Wa is contained in Wb• Theorem 1 
shows that Wb is well-ordered. Furthermore, Wa is an ini-
tial segment of Wb , Then by Theorem 5, Wb can not be 
similar to Wa and hence: 
Theorem 6 -- No two distinct initial segments of a 
well-ordered set W are similar. 
7. The two previous theorems concerned one set W, 
4. 
Suppose now that we have two well-ordered sets W and w*, 
and that an initial segment Wa of W is similar to an 
initial segment W: of w*, Consider another initial seg-
ment wg of W*, If~ is contained in w: , then the segment 
in W which corresponds to wg will be contained in Wa, 
whereas, if wg contains W:, the segment in W which corres-
ponds to wg will contain Wa• This gives us: 
Theorem 7 Given two well-ordered sets, an initial 
segment of one is similar to at most one initial segment 
of the other, 
8, Again consider two well-ordered sets W and W*, 
and now assume that to any initial segment of either there 
corresponds an initial segment of the other which is 
similar. Each such segment determines an element w in W 
and an element w* in W* between which there is a one-to-one 
correspondence in which the order is preserved. By defi-
nition of similarity, the two sets, are, then, similar; so: 
Theorem 8 -- If two well-ordered sets are such that 
for any initial segment of either one there is an initial 
segment of the other which is similar, then the two sets 
are similar to each other, 
9. We must consider also the closely related case in 
which two well-ordered sets are such that any initial seg-
ment of W corresponds to a segment of W* which is similar 
5. 
but that there is at least one segment of W* to which no 
segment of W is similar. Let ao be the element of W* 
which determines the smallest initial segment W: which 
has no similar segment in w. Then for all a< a0 , the 
segments W: have similar segments in w. This gives us: 
Theorem 9 If two well-ordered sets W and w* are 
such that, for any initial segment of W, there corresponds 
an initial segment of w* which is similar but, for at 
least one segment of W*, there is no similar segment in W, 
then there is some ao in w* such that w is similar to vrJo· 
10. We are ready to consider the three possible 
similarity relationships between two well-ordered sets W 
and W~. First, it may be that to every initial segment in 
either W or w*, there corresponds a similar segment in the 
other; by Theorem 8, we know that W and w* are, in this 
case, similar. Secondly, it may be that to every initial 
segment of W there corresponds a similar segment in w* but 
not conversely, and thirdly it may be that to every initial 
segment of w* there corresponds a similar segment in W but 
not conversely. By Theorem 9, we know that in these two 
cases: there is a W: to which W is similar, and that there 
is a Wa to which w* is similar. To summarize: 
Theorem 10 -- If two sets W and W* are each well-
ordered, then either 1) Wand W* are similar, or 2) W is 
6. 
similar to an initial segment of W*, or 3) W'~ is similar 
to an initial segment of w. 
11. Finally we consider two well-ordered sets W and 
W* which are similar; then there is an ordinal correspon-
dence between them and let us assume there is a second 
possible correspondence. Take b in W* as the correspondent 
of a in W and let b also be the correspondent of a' in w. 
Then the initial segment Wa and the initial segment War are 
both similar to the initial segment W-g. Since this is 
denied by Theorem 7, we must deny our hypothesis and say: 
Theorem 11 - If two well-ordered sets are similar, 
the ordinal correspondence between them can be set up in 
only one way. 
III. Zermelo's Theorem 
Now that we have developed the concept of a well-ordered 
set, we are ready to ask our major question: is it possible 
to well-order all sets? Zermelo 1 s theorem answers in the 
affirmative. 
7. 
The proof makes use of a correspondence a = f(A) which 
associates with a subset A the element a of S - A. The well-
ordering can then be effected by letting a1 = f(~), a2 = f(a1 ), 
a3 = r(al, a2), •••• We begin the proor or the theorem by 
defining a chain; then we shall show that a particular 
chain which is well--ordered is in one-to-one correspondence 
with the whole set s. 
A chain, by derinition, is a system of subsets of the 
set S which 1) contains the empty set ~. 2) contains the 
union or any class or subsets or s which it contains, and 
3) contains the union of A and r{A) ror a proper subset A 
or S which it contains. 
The intersection of all the chains or S contains ~ 
since each chain contains ~. If the chains Aa belong to 
the intersection for all a, then the union or the Aa also 
belongs to the intersection. If A belongs to the intersec-
tion, the union or A and f(A), belonging to every chain, 
theferore belongs to the intersection. We conclude that 
the subset C of s, which is the intersection of all the 
chains or s, is itselr a chain. 
We next define comparability. A subset A of C is, by 
definition, comparable if ror every subset X in c, either 
X is contained in A or A is contained in X. Now consider 
the sets A in C which are comparable. A contains ~. If 
A contains Xa for all a, then A contains the union of the 
8. 
Xa; and if A contains X, then A contains the union of X and 
f(X). This demonstrates that the sets A which are comparable 
are a chain, and since any chain which belongs to C must 
be identical with C, the sets A are identical with the 
members of C and therefore all members of C are comparable. 
This comparability of the members of C allows us, in 
accord with our definition of Section I, to take C as a 
linearly ordered set under the relationship "contains". We 
can consider this set C and any class of its subsets Aa, 
and let A be the intersection of these Aai then we take the 
subsets ~ which belong to C and also are contained in A 
and let B be the union of these B~. If B = Aa for some a, 
this Aa must be identical with A and so be a part of every 
Aa, a characteristic of only a first element. If B is not 
one of the Aa, then the union of B and a set of the f(B) 
will be, so that this is the first element. C, then, is a 
well-ordered set. 
Now we take our correspondence a = f(A) mentioned 
above, and let the subsets A be in c. This provides us 
with the one-to-one correspondence between C and s, which 
completes the proof of: 
Zermelo's Theorem --- Every set can be well-ordered. 
Two further notes need to be made about this corres-
pondence a= f(A). The Axiom of Choice, or Multiplicative 
Axiom as Hobson calls it, which states that every set has 
such a correspondence (referred to by Miller as the choice 
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function), has been very much debated; its truth for a 
finite set is obvious but question is raised at the point 
of choice in an infinite set. Mathematicians have, gener-
ally, accepted it as incapable of proof, nevertheless as 
an indispensable axiom. That this Axiom and the Theorem 
under consideration are actually equivalent, i.e. that 
each implies the other, has been shown by Miller. 1 
10. 
Finally, let us add that this proof asserts only the 
existence of this function, not the specific nature of it. 
Goffman points outf for example, that the function which 
would well-order the real numbers has never been discovered. 
IV. Well-orderlng and the Ordinal Numbers 
The linearly ordered sets which are similar to each 
other constitute a class known as an order-type. The 
rational numbers, for example, are of the order-type desig-
nated as~. While the real numbers are of order-type~. 
Our chief concern, however, shall be with the order-types 
of well-ordered sets, these types being known as ordinal 
numbers. 
In Section I, the positive integers were given as an 
example of a well-ordered set; the ordinal number of this 
1. Miller, Page 177. 2. Goffman, Page 127. 
particular set is m, and it follows that any denumerable 
set can be so ordered as to have the ordinal number m, 
The negative integers, which have been shown to be not 
well-ordered, are given the order-type *m, and allow us 
an alternative and frequently used definition of well-
ordering, namely that a set W is well-ordered if it con-
tains no subset of order-type *m, 
The set of rational numbers, though, in their ascen-
ding order, not well-ordered and of type ~. can be well-
ordered as follows: 1,2,3, ••• 1,3,5, ••• 1,2,4, •••• 
2 2 2 3 3 3 
The set is now denumerable and so has the same cardinal 
number as the positive integers. Its ordinal number, how-
ever, by definition of the power set, is ~. not m. This 
points up the fact that two well-ordered sets may have the 
same cardinal number but different ordinals. Indeed, by 
taking all the sums, products, and powers with m, we can 
generate an infinite number of ordinals but all will be 
denumerable sets and so have the same cardinal. Of these 
transfinite ordinal numbers, m is the smallest. 
The arithmetic o~ ordinal numbers is defined consis-
tently with the concept of sums and products of sets, 
Since the ordinal number of a finite set is the same as 
its cardinal number, we have no problem here. It should 
be noted, however, that the arithmetic of transfinite 
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ordinals, though associative, is non-commutative, for 
1 + CD = CD whereas CD + 1 :J CD, and 2'(1) = CD whereas CD-2 :J CD. 
The ordering or the ordinal numbers is based on the 
possible oases or well-ordered sets determined by Theorem 
10 or Section II. If W, with ordinal number a, is similar 
to W*, whose ordinal number is b, then we say a = b. If 
W is similar to an initial segment or W*, we say a<b 
and if W* is similar to an initial segment or W, we say 
b<a. In this manner we can order the inrinity or ordinal 
numbers suggested above, CD, 2 m+l, CD+2, • • • m-2, • •. CD 1 • • • 1 
and,indeed, these will be a well-ordered set and are given 
the ordinal number 0. All or these sets so numbered have 
cardinal number )\0 ; the set or ordinal 0 is the smallest 
set or nondenumerable cardinal number, R 1 • 
v. The Burali-Forti Paradox 
The consideration of the well-ordered set of all 
ordinal numbers leads to a contradiction recognized by 
Cantor in his early work with transfinite numbers but 
first stated by Burali-Forti. It has been the task of 
the mathematical logicians and set theorists since then 
to redefine their terms so that the contradiction will 
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not appear, 
The Burali-Forti paradox is simple, Consider the 
set W of all ordinal numbers. Then the ordinal number of 
W exists and is larger than any ordinal number included 
in W, a contradiction of the fact that W contains all 
such numbers, 
The paradox does not appear if we consider only a 
definite number of order-types, and it is therefore sug-
gested, by such men as Jordain, that our definitions of 
order-type and ordered sets be made such that they apply 
to only a definite number of sets, Accordingly, the set 
of all the ordinals is called an "inconsistent" set, 
that is, one which has no order type. 
VI. Some Applications 
The Theorem of Zermelo and a study of the ordinal 
numbers lead us to some interesting theorems, a few of 
Which are presented here, 
1. We may consider the class of all nowhere-dense 
sets and ask if there can be a nondenumerable set whose 
intersection with these is denumerable, OUr consideration 
may begin with the class of all nowhere-dense sets which 
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are closed, for all others are included as subsets of 
these; it is known that the number of these is c, the 
cardinal number of the continuum, and according to Zer-
melo1s Theorem we can well-order them as N1 , N2, N3, ••• 
Na, , , • (a< o-). Our definition of the nowhere-dense 
set -- a set S such that for every open interval there is 
an open subinterval containing no member of S -- indi-
cates that there is an ~ not belonging to N1 , an x2 not 
belonging to the union of N1 and N2 , etc, 
Suppose, for the purpose of induction, that for 
every P <a, there is an xp not belonging to the union of 
the Ny, where y< P. Then, since this P will be denumer-
able, by a theorem on denumerable nowhere-dense sets, the 
union of the Np in union with the union of the xp is a 
denumerable number of nowhere-dense sets, and from this 
fact it follows that there is, for every P <a, an Xa ,I Xp 
not belonging to the union of the Np. 
By transfinite induction then, there exists a set of 
Xa• a<O, these being distinct real numbers, and therefore 
nondenumerable. Now consider one of the Na• By the con-
dition of paragraph 1 of this proof, the only xp which 
can be in Na are those for which P<a; that is to say 
that the intersection of the xp and the Na is finite or 
denumerable. Therefore: 
Theorem 1 -- There exists a set which is nondenumer-
able whose intersection with every nowhere-dense set is 
enumerable, 
2, One of the most interesting applications of the 
well-ordering theorem relates to the decomposition of the 
x-y plane into curves, 
Zermelo's Theorem allows us to well-order the real 
numbers: xl' x2, x3' , , , Xu-• ••• (a <0). The plane is 
then made up of all the number pairs (:x:a,, Xf!) where a <O 
and ~<o, and any curve is a set (x, y) or (x, f(x)) or a 
set (y, x) or (y, g(y)). 
We divide the plane into two parts -- S which con-
tains the points (Xa,, x~) where a~~ and C(S) which 
contains the points (:x:a,, xp) where ~<a. For anya<O, 
then, there will be no more than a denumerable number of 
(:x:a,, x~) ins, and likewise in C(S). Taking the ~ as the 
Yn• for all x the Yn for which (x, y) belongs to C(S) can 
be ordered as the sequence y1 , y2 , y3 , ••• , and taking 
the Xa, as the Xn• for all y the Xn for which (x, y) be-
longs to Scan be ordered as the sequence x1 , x2 , x3, •••• 
Finally, letting y = f(x) and x = g(y), we have the curves 
(x, f(x)) and (y, g(y)) covering the plane, Thus: 
Theorem 2 -- The plane may be decomposed into an 
enumerable number of curves. 
15. 
3. For all continuous fUnctions, only f(x) = ex 
is such that f(x+ y) = f(x) + f(y), and we may ask 
whether there might be a discontinuous function for which 
this equality holds. 
Again we use Zermelo 1 s Theorem to well-order the 
real numbers: x11 x2, x 3, ••• Xa• ••• (ex <0). Then we 
form a set H as follows. If x1 # 0, let it be in H; if 
x1 = 0, let x2 be in H, All of the succeeding x~, ~<a , 
except those which are linear combinations, with rational 
coefficients, of the Xa already in H, shall be in H. The 
set H is called the Hamel basis for the real numbers. 
The Hamel basis is such that every real number x 
can be written as x = r 1x1 + r~2 + r 3x3 + ••• + rnxn, 
a linear combination with rational coefficients of a 
finite number of the xa in H, and also such that no proper 
subset of the basis has the same property. Furthermore, 
this real number x is uniquely written. 
Now we consider the following function: 
f(x) • r 1f(x1) + r~(x2) + r 3f(x3) + ••• + rnf(Xn)· This 
function will yield f(x) + f(y) = f(x + y) for all x, 
For example: 3 = 3·1, 12 = 1•2 + 2•5, and f(3) + f(l2) = 
3f(l) + f(2) + 2f(5); but since 15 = 1•2 + 2•5 + 3•1, 
this is exactly f(l5). Furthermore this function cannot 
be multiplication by a constant, so that our proof is 
16. 
completed that: 
Theorem 3 There exists a ~unction not o~ the 
~orm ~(x) = ex ~or which t(x + y) = ~(x) + ~(y). 
4. In addition to these three theorems, there are 
others which we shall state without proof. Making use of 
semi-continuity, Baire functions, and Borel sets, Gottman 
proves:1 There exists a function which is discontinuous on 
every non-denumerable set relative to the set. Like 
several of our other theorems, this is only an existence 
theorem. 
In the field of measure theory too, the well-ordering 
theorem can be applied -- this time to the class o~ perfect 
sets -- to prove: 2 There exist non-measurable sets. Such 
a set has never been discovered, though its existence may 
be proved. 
Finally, the well-ordering principle can be useful 
in the study o~ abstract algebra. Miller, ~or example, 
proves the theorem:3 Every field F has an algebraically 
closed algebraic extention which is unique up to isomor-
phisms over F. 
17. 
1. Gottman, Page 147. 2. Gottman, Page 165. 3. Miller, Page 181. 
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ABSTRACT 
THE WELL-ORDERING OF SETS BY HAROLD EVERETT PERKINS 
The well-ordered set W is defined as a linearly 
ordered set all of whose subsets have a first element, and 
examples, in addition to the positive integers, are given. 
Ten theorems which characterize the well-ordered sets are 
proved, relating to subsets of w, especially the initial 
segment Wa, to similarity of the sets W and w*, and to the 
correspondence between the sets. 
The major question, "Is it possible to well-order all 
sets?", is raised and Zermelo's Theorem, which answers 
affirmatively, is proved by use of the chain concept. The 
proof is dependent on the Axiom of Choice and the contro-
versy centered around this Axiom is discussed. 
The ordinal numbers, as order-types of well-ordered 
sets, are introduced, with notes on their transfinite 
arithmetic, and it is observed that these numbers are a 
well-ordered set. The Burali-Forti paradox, which arises 
from a consideration of the set of all ordinal numbers, 
is discussed. 
Finally, six applications from set theory, function 
theory, measure, and modern algebra are given. 
